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' Abstract. Informationally complete measurements on a quantum system allow to 

estimate the expectation value of any arbitrary operator by just averaging functions of 
the experimental outcomes. We show that such kind of measurements can be achieved 
^vq ■ through positive-operator valued measures (POVM's) related to unitary irreducible 

J> , representations of a group on the Hilbert space of the system. With the help of frame 

theory we provide a constructive way to evaluate the data-processing function for 
. arbitrary operators. 

O ' 



O ■ PACS numbers: 03.65.Ta, 03.65.Wj 

1. Introduction 

■<-» ' 

The aim of any measurement is to retrieve information on the state of a physical 
q-i system. In classical mechanics, measuring the location on the phase space provides 

a complete information on the system. On the other hand, in quantum mechanics there 
are infinitely many elementary measurements — corresponding to different observables — 
that provide only partial information, whereas "complementary" informations could be 
achieved only with mutually exclusive experiments where non-commuting observables 
should be perfectly measured. 

The problem then arises on how to achieve a kind of quantum measurement that 
is "complete" QjJ |2] , in the sense that it can be used to infer information on all possible 
(also exclusive) observables. The main idea is to perform a generalized "unsharp" 
measurement, described by a so-called POVM (positive-operator valued measure), from 
which a specific type of information — i.e. a particular ensemble average of a given 
operator — is retrieved by just changing the data-processing of its experimental outcomes. 

Informationally complete measurements are relevant for foundations of quantum 
mechanics as a kind of "standard" for a purely probabilistic description j3 a . Moreover, 
the existence of such measurements with minimal number of outcomes is crucial for the 
quantum version of the de Finetti theorem jl]. 

The most popular example of informationally complete measurement is given by 
the coherent-state POVM for a single-mode of the radiation field, whose probability 
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distribution is the so-called Q-function (or Husimi function) El El • Another example, 
though of completely different kind, is the case of quantum tomography jH], in which 
one measures an observable randomly selected from an informationally complete set — a 
" quorum" . 

Investigations on informationally complete measurements have been extensively 
carried out in the framework of " phase-space observables" : the monographs [HJ EH EU 
O H3 UH US] review different aspects of these developments. Phase-space observables 
are very useful in various fields of quantum physics, including quantum communication 
and information theory. They also lead to substantial advancement on some relevant 
conceptual issues, such as the problem of jointly measuring non-commuting observables, 
or the problem of the classical limit for quantum measurements. However, the problem of 
classifying all possible informationally complete measurements, also in view of feasibility, 
was never investigated in generality, and only elementary physical systems have been 
considered: the harmonic oscillator and the spin. 

In this paper, we present a more general treatment of the problem based on group- 
theoretic techniques. We will see that informationally complete measurements can be 
achieved through POVM's derived from unitary irreducible representations of a group 
on the Hilbert space of the system. With the help of frame theory, we will also provide 
a constructive way to evaluate the data-processing function for estimating ensemble 
averages of arbitrary operators. 

The paper is organized as follows. In Sec. II we prove the equivalence of the 
informational completeness of a measurement and the invertibility of an operator 
constructed with the POVM. This proof makes use of frame theory [TBI I17j. and also 
shows how to obtain the data-processing function for arbitrary operator. In Sec. Ill we 
derive the conditions of informational completeness for POVM's that are covariant with 
respect to a (compact) group that has unitary irreducible representation on the Hilbert 
space of the system. We devote Sec. IV to explicit examples of informationally complete 
POVM's with different covariance group. In the example of the Weyl-Heisenberg group, 
we recover the results of Ref. |18j . Some concluding remarks are given in Sec. V. 

2. Info-complete POVM's and frame of operators 

In the following, we will make extensive use of the isomorphism jTH] between the 
Hilbert space of the Hilbert-Schmidt operators A, B on 7i, with scalar product 
(A,B) = Tr [A^B], and the Hilbert space of bipartite vectors \A}), \B}) e H®H, with 
((A\B)) = (A,B), and 



where |n) and \m) are fixed orthonormal bases for 7i, al = dim 7i, and A nm = (n\A\m). 
Notice the identities 



d 



d 




(1) 



n=l m=l 



A® B\ C)) — | ACB T )) 
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A <g> B ] \ C)) = | ACB*)) , (2) 

where r and * denote transposition and complex conjugation with respect to the fixed 
bases in Eqs. ([T}. 

An informationally complete measurement for a quantum system with Hilbert space 
7i is described by a POVM {Ilj}, Ilj > and J^IIj = J, that allows to obtain the 
expectation value of any operator O of the system in the state p as follows 

(0>=Tr[pO] = ^(0)Tr[pn,], (3) 

i 

where fi(0) is the data processing function of the outcome i which depends on the 
operator O. Such a POVM will be referred shortly to as "info-complete" POVM. Since 
Eq. (jHJ) holds for any state p, it holds generally at the operator level without the 
ensemble average, namely one has the expansion for operators 

= Y^MO)Ui. (4) 

i 

Eq. (j3J) states that the set of positive operators Ilj span the linear space of operators of 
the system. Spanning sets of operators have been already used in quantum tomography 
[2*U] : their characterization of spanning sets of operators is naturally accomplished in 
the context of frame theory [T6| ITTj. 

An operator frame {Hj} is simply a set of operators Sj that span a normed linear 
space of operators, namely there are two constants a, and b with < a < b < oo 
such that for all operators A one has a||v4|| 2 < ^ |q(v4)| 2 < &||v4|| 2 , where Ci(A) are the 
coefficients of the expansion of A over the set. Here, for simplicity, we will consider 
the (Hilbert) space of Hilbert-Schmidt operators on Ti, whence the norm will be the 
Frobenius norm = -^/TrfAf A]. 

For {Hj} an operator frame there exists another frame {©«} — called dual frame — 
giving the operator expansion in the form 

A = j2n®lm- (5) 

i 

The completeness relation of the frame and its dual reads 

Y,(m\<p)(v\®l\v) = (Mv)(<p\<p) , (6) 

i 

for any 0, ip,if),i] G TL. For continuous sets, the sums in Eqs. (0) and © are replaced by 
integrals. Given a frame {Sj}, generally the dual set is not unique. However, all duals 
{Oj} of a given frame can be obtained via the linear relation [21] 

|6 4 » = F- 1 ^}} + IF,}) - ^(folF- 1 ^}}^)) , (7) 

3 

where Y{ are arbitrary, and the positive and invertible operator F writes 

F = X)|S i »«Si|. (8) 

i 

The operator F is called "frame operator" in frame theory, whereas the set of operators 
corresponding to the vectors through the above isomorphism is the so-called 
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"canonical dual" frame. On the other hand, given an arbitrary set of operators {Hj}, 
the invertibility of F in Eq. (JHJ) implies that the set is a frame. Notice that if the 
frame is bi-orthogonal, namely ((S^F -1 !^)) = 8^, then the canonical one is the unique 
dual frame. One can also prove the converse statement (T7J , whence bi-orthogonality is 
equivalent to uniqueness of the canonical dual frame. 

From the above considerations it follows that a POVM {Hi} is info-complete if and 
only if the corresponding operator F = £V | n^)) ((n^ | is invertible. From linearity, by 
comparing Eq. (J3J) and (jHJ), one can see that a dual frame of an info-complete POVM 
provides a data processing function as fi(0) = Tr[0]0], whence Eq. (J7J) allows a useful 
flexibility in the data-processing, with the possibility of minimizing the statistical error 
of the estimation by varying the free operators Y^. 

Since the number of elements of an operator frame for Ji cannot be smaller than 
d 2 , an info-complete POVM is necessarily not orthogonal, whence it is overcomplete. 
Viceversa, it is simple to prove that an arbitrary frame for operators in 7i made of 
positive operators {K{\ allows to construct an info-complete POVM. In fact, since the 
operator S = Ki is invertible, the set {K{ = S^^KiS^ 1 / 2 } satisfies the completeness 
relation J2i K.% = I- 



3. Group-theoretic techniques 

The representation theory of groups provides the easiest way to construct frames made 
of unitary operators. Consider for example a unitary irreducible representation (UIR) 
{U g , g E G} of a compact group G on the Hilbert space Ti. From the Shur's lemma, 
one has 

dfx(g)U g OUl = Tr[0]I , (9) 

where dfi(g) denotes the left-invariant measure normalized as J G dfi(g) = d. As one can 
see, Eq. (JHJ) is equivalent to Eq. (jHJ) with {U g } self-dual operator frame. On the other 
hand, the direct construction of info-complete POVM's is not as simple, since it involves 
the searching of frames of positive operators. A way to construct info-complete POVM's 
is suggested by Eq. ((§}. For any density matrix v the set of positive operators 

n, = u g uu\ (io) 

provides a resolution of the identity, whence {n g } is a POVM. Moreover, the POVM is 
info-complete iff the operator 

dM | rg)«n g | = / dM u g ® u;\ v )){{u \u\ ® {u*J , (11) 



9 

G JG 



is invertible, where we used Eq. (J2J). Representation theory allows to evaluate the 
integral in Eq. (JHJ) . When U g <8> U* has only inequivalent irreducible representations on 
upon denoting by P a the projectors over the invariant subspaces, one has 

F=i £m$M Pr . (12) 
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As a consequence, the POVM {H g } is info-complete iff the state u satisfies the condition 
Tc[P v \u))((u\]^0 Va. (13) 
In this case the inverse of F is easily calculated as follows 

rl = fl E T mi n p °> ( 14 ) 

and the canonical dual Q g is obtained by the identity | Q g )) = Ugull^)), namely 

where we used the property [U g <8> U*,P a ] = 0. By Eq. (JT3J) one can notice that the 
canonical dual is covariant itself, namely Q g = U g ^W g , where £ is given by 

io> = ^Et^W p - w - (16) 

At this stage we can make some general remarks. Among the invariant subspaces there 
is always the span of | I)) , and thus Eq. (fTK|) has always the term 

al^Ug <g> U* g 1 1)) = aT 1 \ /» . (17) 
The other invariant subspaces depend on the representation U g , but we can prove that 
for any UIR U g such that U g <S> U* has inequivalent irreducible representations, there 
always exists a suitable v such that the POVM U g vU^ g is info-complete. In fact, upon 
writing the projectors P a in terms of their eigenvectors 

^ = E i ^n^f i > ( 18 ) 

j 

from p * = J > ^ follows that is an orthonormal basis for the Hilbert-Schmidt 

operators. By identifying = from the orthogonality one has Tr[\E^. ] = \fd~5 a Q. 
Then, one can find suitable phases {9^} and a real constant a such that the Hermitian 
operator 

v = 2 + a Y.^ 6 ^ + e ~ ie ^ )j ) (19) 

is a density matrix satisfying condition (JT3J). Notice that in Eq. (|19|) we just need a 
single label j = j{fi) for each /x. 

In the last part of this Section, we want to notice that all POVM's of the form (fiT)|) 
are equivalent to a generalized Bell measurement [TH] on a tensor-product space TC^)TC, 
where the second space describes an ancilla prepared in the state v T . In fact, one has 

U g uUl = Tr A [(I®v T )\U g ))((U g \], (20) 

where Tr_4 denotes the partial trace over the ancilla space. In general, the projectors 
on the maximally entangled states | U g )) are not orthogonal. The above considerations 
allow to understand the construction of the quantum universal detectors introduced in 
Ref. E3. 
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4. Examples 

In this section we will provide some examples of info-complete POVM's, showing their 
underlying group structure. 

11. Z d x 7L d 

This first example involves a minimal info-complete POVM, namely a POVM having d 2 
elements, and will give us some general insight in the case of projective representations of 
abelian groups. Consider the group x Z d , and the following <i-dimensional projective 
UIR 

d-i 

U m , n = Y,^ km \ k )( k ® n \ , (21) 

k=0 

where m,n G [0, d— 1], and © denotes sum modulo d. The composition and orthogonality 
relations of the set are given by 

U m>n U Piq Ul tn = e^ np - m ^U m , (22) 

Tr [Ul q U mtn ] = d5 mp 5 nq . (23) 

We will now look for an info-complete POVM of the form 

"m,n = j^m,n v ^m,n • (24) 

The properties of the projective UIR help us to find the conditions for informational 
completeness, and to evaluate the dual frame directly, as an alternative way to the 
general method developed in the previous section. First, let us expand the state v in 
Eq. (j21|) on the basis of {U m>n }, 

H m , n = i £ e ¥C^) Tr[Ul q u] U p>q , (25) 
p,g 

where we used Eq. (J2~2~j) . From the identity ^ n e^ np = d5 p0 , one easily checks that a 
dual frame for the POVM S mjfl is given by 

e -.n = iE e¥(nP_m9) ^#S' ( 26 ) 

Then, the condition for informational completeness on v is simply 

Tt[Ul q v] ^ , V(p, q) E Z d x Z d . (27) 
A pure state v = that satisfies the above condition is given by 



a 



2 d ~ l 



\a 



^«», (2f 



2d 

ra=0 



for any a with < |a| < 1. Notice that the sets Q m ,n and S mjn are biorthogonal, hence 
Q m ,n is the unique dual set. The results given in this example are consistent with the 
general treatment of Sec. 121 In fact, the irreducible representations of U m , n ® V* mn are 
all inequivalent and one- dimensional, and the invariant subspaces are just the spans of 



U 's 
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4.2. SU(d) 

In this second example we will examine the POVM 

~U g uU%, U g eSU(d). (29) 

Here the invariant subspaces of U g ® U* are the linear span of I)) and its orthogonal 
complement. From Eq. (j!2j) . the frame operator can be expressed as 

F = - J \ !)){(! I + (l - 3I !))((! \) , (30) 



d d? — 1 \ d 

and it is invertible iff 

dTi[v 2 ] - 1 ^ 0. (31) 

Notice that Tr[i/ 2 ] = h only for v = ^, which leads to a trivial POVM. Any other v 
gives an info-complete POVM. The inverse of the frame operator writes 

Jll 1 , (l-kl)W\) ■ (32) 



°. = M*Z^ (33) 



d 1 //XN 1 dTr[z/ 2 ] - 1 V d 

Finally, by Eq. (jl5j). the canonical dual reads 

d 2 - 1 d - Tr[i/ 2 

^dTr^ 2 ] - 1^ ~~ dTr[z/ 2 ] - 1 

In Ref. j22j we showed that this canonical dual is optimal among all covariant duals, 
for estimating expectations of arbitrary Hermitian operators with minimal r.m.s error. 

4-3. Weyl-Heisenberg group 

The last example involves an infinite dimensional system, and is somehow the continuous 
counterpart of the first example. We will consider the Weyl-Heisenberg group in the 
representation of displacements D(a) = e Qat - a * a ; where a and a) are the annihilation 
and creation operators of a boson field, i.e. [a, a'] = 1. Notice that the group is not 
compact, hence the general treatment of Sec. El does not directly apply. However, the 
displacement representation is square integrable [21], and the main identity (jHJ) still 
holds in the form 

/ —D(a) O D\a) = Tr[0]I . (34) 
Jc ^ 

The group structure is revealed by the following identities 

D(a)D{p)D\a) = e a ^*~ a ^ D(J3) , (35) 
Tr[D\a)D(P)} = tt <5 {2) (a - (3) , (36) 

where 5^(a) = (l/V 2 ) J c d 2 7 e Q7 *~ a * 7 denotes the Dirac-delta on the complex plane. 
From Eqs. (J54*j) and (pjj) , it also follows the completeness on H <g> H 

d 2 a 

— \D(a)))((D(a)\=I®I, (37) 

7T 
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and the orthogonality in Dirac sense 

((D(a)\D(P))) = nS^(a-P). (38) 
We consider the POVM 

H(a) = -D(a)uDi(a), (39) 

7T 

where v is an arbitrary normalized state. By expanding v as v = J c ^-Tr[D^ (rfvjD^) 
and using Eq. (|33j) . one has 

1%)= / -1 e ai *- a *~< Tr[D\j)u)D{j) , (40) 
Jc n 

The frame operator can then be written as follows 

<Pa f d?(3 f d 2 j 03 ._ 7 . ) _ a . 0J _ 7) 



e 



x Tr [Z)^ (^) Tr [D^ (7) i/] * | D )) (( Z) (7) 



TT 



TrfDt^^H^)))^)!. (41) 



The POVM is then info-complete iff Tr[Z)(/3)V] 7^ for all /3. We notice that such a 
condition was also found in Ref. fH] in the context of phase-space representation and 
covariant localization observables. 
The inverse of the frame operator writes 

d 2 (3 1 



1-1 



n 



I Tr[Ut (/?)!/] 



D((3)))({D((3)\- (42) 



The canonical dual can be finally evaluated using Eq. (JT^J), and is given by 

e(a)=D(a) ((ii jm \ DKa) . (43) 



7T Tr[D((3)v] 

Notice that the dual is unique since it can be readily checked that the POVM and the 
canonical dual are biorthogonal. 

The present example in infinite dimension needs some care in checking the 
convergence of the processing function f(a,0) = Tr[Q^(a)0]. In fact, if we take the 
vacuum state v = |0)(0|, the POVM in Eq. (|39p will be reduced to the customary 
projection on coherent states \a), and the measurement will correspond to phase-space 
averaging with the Q-function Q(a) = -(a\p\a). We know that this gives expectations 
only for operators admitting anti-normal ordered field expansion jjj- In particular, the 
matrix elements of the density operator cannot be recovered in this way |S]. Therefore, 
in infinite dimensions the universality can be limited by convergence. 



5. Conclusions 



We have presented a group-theoretical method to construct informationally complete 
quantum measurements. This method allows to find the conditions for such 
completeness, and to construct a wide class of info-complete POVM's from unitary 
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irreducible representation of groups. These POVM's can always be viewed as projectors 
on maximally entangled states — generally not orthogonal — of the system coupled with 
an ancilla, thus relating info-complete POVM's with the quantum universal detectors 
of Ref. The processing functions pertaining any arbitrary operator have been 

obtained using the general method of frame theory. Such functions are generally not 
unique, and this allows optimizing the frame in order to minimize the statistical error 
of the estimation. We have finally provided some examples of info-complete POVM's 
corresponding to different kind of groups: discrete and abelian (Z<2 x Z^), continuous 
and compact (SU(d)), and non compact and abelian (Weyl-Heisenberg). 
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